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We prove the following theorem. If G b a connected finite graph of order p, and S is a k-subset 
of V(G) (where k 2 2), then there is a pair of vertices in S which are at a dbtance ~2 [(p - 1)/k] 
if k does not divide p, and ~2 I@ - 1)/k j + 1 otherwise. 
1. Introduction 
An old geometric puzzle asks for the placement of 6 points inside or on the 
boundary of a circle of radius 1 so that the minimum distance between any 2 of 
the points is maximised. The winning configuration consists of the points of a 
regular hexagon inscribed in the circle, with the minimum distance being 1. 
Interestingly, a seventh point can be added at the centre of the circle without 
reducing the minimum distance. 
The puzzle generalises to any metric space. Specifically, given a set P of points 
in a metric space and an integer k 2 2, determine a k-subset of P in which the 2 
closest points are farthest apart. This abstract problem relates to concrete 
multiple facility location problems where two facilities must be located at some 
minimum distance apart. (A situation where this is a realistic requirement is the 
location of radio transmitters broadcasting on the same frequency.) 
The cases where the metric space is Euclidean of dimensions 1 and 2 are 
considered in a recent paper of Wang and Kuo [2]. Their interest is in algorithms 
for constructing a suitable subset. They obtain an algorithm for the l-dimensional 
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case which runs in O(kp +p logp) time (where p = IPI), and show that the 
2-dimensional problem is NP-hard. 
In this paper we consider the case where P is the set of all vertices in a 
connected (finite, undirected, unweighted) graph. Our interest here is in an 
extremal problem. We prove the following theorem. Zf G is a connected finite 
graph of order p, and S is a k-subset of V(G) (where k 2 2), then there is a pair of 
vertices in S which are at a distance 62[(p - 1)/k] if k does not divide p, and 
~2[(p - 1)/k] + 1 otherwise. 
In subsequent papers we shall look at the same problem under stronger 
connectivity restrictions, and shall explore algorithmic aspects. 
2. Definitions 
For basic graph theory terminology and notation we follow the book by Bondy 
and Murty [l]. 
The diameter of a connected graph G is the greatest distance between two of its 
vertices. It can be defined as the maximum over all a-subsets S of V(G) of the 
minimum distance between 2 distinct vertices in S. This rather unnatural 
definition of the diameter relates the concept of diameter to the problem under 
consideration, and prompts the following formal setting for the problem. 
For an integer k 2 2 we define diamk(G), the k-diameter of a connected graph 
G, to be the maximum over all k-subsets S of V(G) of the minimum distance 
between 2 distinct vertices in S. Thus the 2-diameter of G is merely the diameter. 
Not only does the k-diameter generalise the concept of the diameter of a 
graph, but also it enables the specification of the independence number of a 
graph. If we select any k vertices of a graph G with k-diameter d, then there are 
two of the vertices which are at distance sd. If d = 1, then some pair of the k 
vertices are adjacent, and so the independence number au(G) of G is less than k. 
This argument reverses, and so we can characterise a(G) as the greatest integer k 
such that diam,JG) > 1. 
For integers p and k both 22, we define r(p, k) to be the maximum k-diameter 
of a connected graph of order p. It seems intuitive that the graphs with largest 
possible k-diameters will include trees which are subdivisions of the star Kl,k, 
with ‘arms’ of roughly equal lengths. We show that this is indeed the case, and 
establish that r(p, k) is given by 2[(p - 1)/k] if k does not divide p, and 
2[(p - 1)/k] + 1 otherwise. 
3. Determination of r(p, k) 
For d 2 1 and k 22 let s(k, d) be the least integer n such that there is a 
connected graph G of order it and a k-subset S of V(G) such that the distance 
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between any 2 vertices in S is at least d. It is clear that r(p, k) is given by 
max{d:p >s(k, d)}, and so to determine r(p, k) implicitly it is sufficient to 
determine s(k, d). In fact the formula we obtain for s(k, d) is such that r(p, k) 
can be determined explicitly. 
We define a junction of a tree to be a vertex of the tree which has degree 
greater than 2. If G is a graph which is isomorphic to a subdivision of Kl,k for 
some k 3 3, then we define the arms of G to be the maximal paths in G one of 
whose endvertices is the junction of G. If G is connected with IV(G)1 = s(k, d) 
and there is a k-subset S of V(G) such that the distance between any 2 vertices in 
S is at least d, then we say that G is a (k, d)-optimal graph and that S is a 
(k, d)-optimal subset of V(G). 
Lemma 1. There exists a (k, d)-optimal tree T and a (k, d)-optimal subset S of 
V(T) which contains all the endvertices of T. 
Proof. Let G be any (k, d)-optimal graph and S* any (k, d)-optimal subset of 
V(G). Let T* be any spanning tree of G. Since d,(& 77) 2 do(& q) for any 
5, q E V(G), it is clear that T* is (k, d)-optimal and that S* is a (k, d)-optimal 
subset of V(T*). 
Suppose that there is an endvertex (Y of T* with (Y $ S*. Then S* E V(T* - a), 
and for all distinct 6, q E S* we have dF-,(& rl) =dr4& rl) ad&E, ~)a k. 
Since T* - a: has fewer vertices than G, this contradicts the fact that G is 
(k, d)-optimal. We conclude that S* contains all the endvertices of T*. 
Proposition 2. s(k, d) is given by (kd + 2)/2 if d is even and by (kd + k)/2 if d is 
odd. 
Proof. When d = 1 the proposition is trivially true. Suppose that d 3 1. Let 
g(k, d) be defined to be (kd + 2)/2 if d is even and (kd + k)/2 if d is odd. We 
show first that s(k, d) ~g(k, d). Let H be a subdivision of Kl,k in which, if d is 
even, all arms have length d/2, and if d is odd, (k - 1) arms have length (d + 1)/2 
and one arm has length (d - 1)/2. Let S be the set of endvertices of H. Then 
JSJ = k, every 2 vertices in S are at distance at least d and IV(H)1 =g(k, d). It 
follows that s(k, d) =~g(k, d). 
Now we show that s(k, d) ~g(k, d). The proof is by induction on k. It is clear 
that any graph, some 2 of whose vertices are at a distance z=d apart, has at least 
d + 1 = g(2, d) vertices, and so ~(2, d) ag(2, d). Now suppose that k 2 3, and 
that if 2 c k’ < k, then s(k’, d) ag(k’, d). Let T be a (k, d)-optimal tree and S a 
(k, d)-optimal subset of V(T) containing all of the endvertices of T (whose 
existence is ensured by Lemma 1). We consider three cases separately, exhausting 
all possibilities. 
Case 1: There is an edge A of T such that both components T, and T2 of T - A 
include at least 2 vertices in S. 
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Let k;=IV(T)nSI for i=l and 2. Then k,s2, k,a2 and k=k,+k,. Now 
for i = 1 and 2 it must follow that IV(TJ( as(ki, d), and so, using the inductive 
hypothesis, 
IV(T)1 = IV(T,)l + IV(EJl ~s(k,, 4 + 4ka 4 sg(k,, 4 + g(k,, 4. 
Now g(kl, d) + g(k*, d) is given by g(kl + kz, d) if d is odd and g(k, + kZ, d) + 1 
if d is even. In either case we deduce that s(k, d) = IV(T)1 ag(k, d). 
Case 1 includes the case where T has at least 2 junctions and the case where T 
has exactly 1 junction K and where there is an arm A of T which includes 2 
vertices in S\(K). This is so because S contains all the endvertices of T, and so, if 
A is either an edge of T lying in a path joining two junctions, or the edge of A 
incident with K, then each component of T - A includes at least 2 vertices in S. 
Hence Cases 2 and 3 below exhaust the remaining possibilities. 
Case 2: T has no junctions. 
In this case Tis a path, and so clearly s(k, d) = IV(T)1 3 (k - 1)d + 1 ag(k, d). 
Case 3: T has exactly 1 junction K and each arm of T contains exactly 1 vertex in 
S\(K). 
If K E S, then each arm of T has length ad, and there are k - 1 arms; hence 
s(k, d) = IV(T)1 3 (k - 1)d + 1 >g(k, d). If k $S, then T has exactly k arms 
A,, AZ, . . . , Ak. Suppose that for each i, Ai has length ai. We may suppose 
without loss of generality that a, G a2 S. * * C ak. Since S contains all the 
endvertices of T it follows that ai + aj 3 d for 1 s i <j G k. Hence ai 2 [d/2] for 
2sisk, and so 
s(k, d) = IV(T)1 = 1 + (E(T)1 = 1 + (a, + a2) + a3 +. . . + ak 
sl+d+(k-2)[d/21 =g(k,d). 
In each case we have shown that s(k, d) 3 g(k, d). That this is so for all k now 
follows by induction. We conclude that s(k, d) = g(k, d) as required. Cl 
From the relationship between s(k, d) and r(p, k) we can deduce our main 
result. 
Theorem 3. r(p, k) is given by 2[(p - 1)/k] if k does not divide p, and 
2[(p - 1)/k] + 1 otherwise. 
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